Turbidity measurement for the absolute coagulation rate constants of suspensions has been extensively adopted because of its simplicity and easy implementation. A key factor in deriving the rate constant from experimental data is how to theoretically evaluate the so-called optical factor involved in calculating the extinction cross section of doublets formed during aggregation. In a previous paper, we have shown that compared with other theoretical approaches, the T-matrix method provides a robust solution to this problem and is effective in extending the applicability range of the turbidity methodology, as well as increasing measurement accuracy. This paper will provide a more comprehensive discussion of the physical insight for using the T-matrix method in turbidity measurement and associated technical details. In particular, the importance of ensuring the correct value for the refractive indices for colloidal particles and the surrounding medium used in the calculation is addressed, because the indices generally vary with the wavelength of the incident light. The comparison of calculated results with experiments shows that the T-matrix method can correctly calculate optical factors even for large particles, whereas other existing theories cannot. In addition, the data of the optical factor calculated by the T-matrix method for a range of particle radii and incident light wavelengths are listed.
Introduction
In turbidity measurement, the rate of turbidity change due to the aggregation of particles is measured, and the absolute aggregation rate is related to the rate of turbidity change through the so-called optical factor, which has to be calculated by means of light scattering theory. The relationship of the absolute aggregation rate constant with the measured turbidity changing rate can be described as follows [1] , (1) 
where k aggr is the absolute aggregation rate constant, τ 0 is the turbidity at the beginning of aggregation, (dτ/dt) 0 is the turbidity change rate at the beginning of aggregation, and N 1 is the number concentration of particles in the monodisperse suspensions. The dimensionless parameter F = [(C 2 /2C 1 ) − 1] is referred to as the optical factor, where C 2 and C 1 are the extinction cross sections of two aggregated particles and one single particle, respectively. Because the optical factor F cannot be measured experimentally, a major problem in turbidity measurement is how to calculate C 1 and C 2 theoretically. Mie theory and RayleighGans-Debye (RGD) theory have been employed to calculate the optical factor. In a previous paper [2] , we have shown that existing theories are not applicable to large particles and only the T-matrix method is capable of extending the applicability range of the turbidity methodology and increasing measurement accuracy. Although an outline of using the T-matrix to evaluate the extinction cross section was described in Ref. [2] , the application of the T-matrix method to optical factor calculation is not straightforward for practical implementation. We found that how to evaluate the relative refractive index of particle and surrounding medium, which varies with the incident wavelength, is a crucial element in corrected calculation of the optical factor, but this part was not discussed, in order not to hinder the previous paper from its major theme.
The main focus of this paper is on offering more details on using the T-matrix to calculate the optical factor. We give special attention to the importance of ensuring the correct value of the refractive indices for the liquid phase and colloidal particle used in the calculation of optical factors, because the indices generally vary with the incident wavelength. The optical factors calculated by the T-matrix method are compared with other existing theories and experiments. The factors causing uncertainty in determination of the turbidity measurement for the absolute coagulation rate constant are estimated, and advice on how to improve the accuracy of the measurement is presented. Finally, to make it possible for interested readers to easily test the T-matrix method in turbidity measurement, we list data of optical factors calculated by the T-matrix method for a range of particle radii and incident light wavelengths.
Theory

Calculation of optical factors by Mie theory and RGD theory
The Mie theory is valid for calculating the cross sections for spheres of any size [3, 4] . Therefore it can be used to evaluate C 1 accurately. The Mie theory, however, cannot evaluate C 2 correctly because it is associated with the extinction cross section (or scattering cross section for a nonabsorbing particle) of a doublet composed of two spheres. One way to overcome this difficulty is to adopt the coalescing assumption for a doublet, in which the aggregated doublet is considered to coalesce into a spherical particle with the same volume as the two separated particles. However, the coalescence does not actually take place, so the error associated with this coalescence assumption is unavoidable in the calculation of the optical factor. We will refer to this approximation method as Mie (coalescence) below.
Another approximation for dealing with the scattering problems of particles is the Rayleigh-Gans-Debye (RGD) theory. In this theory, the whole volume of the scattering object is subdivided into many volume elements, and each element represents a Rayleigh scatterer. As it is developed from Rayleigh theory, RGD theory is only valid for small particles. Besides single spherical particles, the RGD theory is also applicable to real doublets. Therefore, RGD theory can be used to evaluate the optical factors of small particles. We will refer to this method as RGD (real).
The RGD method can also be used to calculate the optical factor with the coalescence assumption. We will call this method RGD (coalescence). Using the results of Mie (coalescence) and RGD (coalescence), Lichtenbelt et al. [1] have tried to improve the calculation of the optical factor by correcting the RGD (real) results. The corrected optical factor is calculated using the formula
where C 2 (Mie), C 2 (RGD), and C 2 (RGD) are calculated from Mie (coalescence), RGD (real), and RGD (coalescence), respectively. C 1 (Mie) is calculated from Mie theory. We will refer to this method as RGD (corrected). It can be seen that all the methods mentioned above either cannot treat large particles correctly or have to resort to the coalescing assumption in calculating the optical factors. Thus all these existing theories may give incorrect optical factors for large particles.
T-matrix method
The superiority of the T-matrix method [5] [6] [7] [8] [9] over other approaches discussed above is that it can accurately solve more complex scattering problems for irregular particles, including aggregates composed of spherical particles [9] [10] [11] [12] [13] . There is no size limitation (unlike RGD theory, which is limited to small particles) or shape restriction (unlike Mie theory, which is limited to spherical particles) on particles as a prerequisite to this theory. Therefore, the T-matrix method provides powerful tools for accurate calculation of the optical factors without limitations on particle size.
In the T-matrix method, both incident and scattered electric fields are expanded in a series of vector spherical wave functions as follows [9] (3) In compact matrix notation, Eqs. (5) and (6) can be rewritten as which means that the column vector of the expansion coefficients of the scattered field is obtained by multiplying the transition matrix (T) and the column vector of the expansion coefficients of the incident field. For a spherical particle, the T-matrix is diagonal, and its elements are simply the a n and b n coefficients from Mie scattering [4] . Thus the T-matrix method converges with Mie theory for a single spherical particle. However, the complex T-matrix method can be used to calculate the light-scattering properties of nonspherical and composite scatterers, particularly bispheres. Therefore, it is capable of calculating the scattering cross section of doublet C 2 with no additional assumptions, such as those involved in conventional Mie theory and RGD theory.
Consider now the computation of the T-matrix for a cluster consisting of N spheres. The total scattered electric field can be written as the sum of the fields scattered by all spheres:
Because of the electromagnetic interactions between the components, the total electric field exciting each particle can be written as the sum of the external incident field E inc 0 (r) and the partial fields scattered by all other particles:
To make use of the information contained in the j th component of the T-matrix, the fields incident on and scattered by this component can be expanded in vector spherical wave functions centered at the origin of the component's local coordinate system, Similarly to Eq. (7), the expansion coefficients of Eqs. (10) and (11) are related via the j th component of the T-matrix T j :
As shown in Ref. [9] , the vector spherical wave functions appearing here can be expanded in regular vector spherical wave functions centered at the origin of the j th reference frame, 
where T j represents the T-matrix for the particle j , when isolated. Inversion of Eq. (15) gives sphere-centered transition matrices that transform the expansion coefficients of the incident field into expansion coefficients of the individual scattered fields [9, 12] ,
where the matrix T jl transforms the coefficients of the incident field expansion centered at the lth origin into expansion coefficients of the partial field scattered by the j th component at the j th origin. The expansion coefficients for the incident field at the origin of sphere i, (a i0 , b i0 ), can be obtained by a translation of the incident field coefficients expanded about the cluster origin, (a, b), to origin i through [9, 12] (17)
where the B matrices are similar to the A matrices of Eq. (15) . In a similar fashion, the combined scattered field from all the spheres can be expressed as a single expansion written about the cluster origin by a translation of the fields from the j th spheres origin to the cluster origin. The expansion coefficients representing the total scattered field are given by Refs. [9, 12] :
When Eqs. (16)- (18) are combined, the scattered field expansions from the individual spheres will be transformed into a single expansion based on a single origin of the particle system. The incident and scattered coefficients for the system will be derived as [9, 10, 13 ]
The matrix T defined in Eq. (19) is the T-matrix that we seek and can be used directly in computing the orientationally averaged scattering matrix for the aggregated cluster. As in our paper, what we need is to calculate the scattering cross section of two aggregated particles C 2 , in this case N = 2. The explicit expressions and calculations for the T-matrix can be found in Ref. [9] .
After getting the T-matrix of two aggregated particles, we can obtain the extinction cross section by the formula given in Ref. [9] :
By this means, the extinction cross section of two aggregated particles C 2 can be calculated by the T-matrix method, without any further assumptions as required by Mie theory or RGD theory. The extinction cross section of a single particle C 1 can be calculated by Mie theory or by the above-mentioned T-matrix method. And then the optical factors can be determined from the results of C 2 and C 1 .
Wavelength correction of the refractive index used in the T-matrix method
Although the deduction of the T-matrix for the extinction cross section of two aggregated particles may seem complicated, only two parameters are required for the calculation of the elements of the T-matrix (for a single particle or the aggregates of two particles), namely, the size parameter x = 2πa/λ 1 and the relative refractive index m = n 2 /n 1 , where a is the radius of a single particle, λ 1 is the wavelength in the medium, and n 2 and n 1 are the refractive indices of the particle and the surrounding medium, respectively. Both x and m are also required for the calculation of optical factors by RGD theory and Mie theory.
It is elementary knowledge that the refractive index changes with the wavelength of the incident light. However, for polystyrene particles dispersed in water, as used in this study, fixed values of n 1 = 1.33 and n 2 = 1.60 are usually adopted in the determination of cross sections and optical factors [1, 13] , because the difference of refractive indices for different wavelengths is not significant. In this case, m is considered to be a constant and then the size parameter x becomes the only variable for the optical factor. Lichtenbelt et al. [1] published their data of optical factors calculated by Mie theory and RGD theory, with only one variable x. In their results by Mie (coalescence) and RGD (corrected), m is taken to be a constant 1.20 in value, while for RGD (coalescence) and RGD (corrected), m is no longer a parameter in the expression because of the cancellation for m contained in C 1 and C 2 in Eq. (1). Therefore RGD (both coalescence and corrected) does not depend on m; the size parameter x as the only variable should be sufficient in the calculation of the optical factor.
As has been shown [1, 2, 4] , when the size parameter x is small, RGD theory provides a reasonable approximation. Since other theories (including the T-matrix method) can yield optical factors that are basically equivalent to those from m-independent RGD theory, other theories with a constant m or taking x to be the only parameter should not introduce considerable error into the calculation of the optical factor as long as x is small. In this case, the correction to m has little influence on the calculation of the optical factor. However, our experiments show that using only one variable, x, to characterize the optical factor is insufficient, at least for the case with a large size parameter.
Equation (1) actually suggests an experimental approach to testing whether a theory is effective for delivering a good optical factor. From Eq. (1) we can see that
Using R to denote the experimentally measured quantity (1/τ 0 )(dτ/dt) 0 /N 1 , we will have R = F k aggr . As k aggr is a constant for a given colloid system, the F must be proportional to R. Fig. 1 shows the experimentally measured R with the size parameter x for particles of a = 250 and 500 nm, respectively. The experiments were performed with a UV-vis dual-beam spectrophotometer (Purkinje TU-1901, Beijing), as described in Ref. [2] . This plot shows that the R ∼ x curve for particles with a = 250 nm has very different behavior from that for particles with a = 500 nm, implying that R depends not only on the size parameter x but also on the particle size itself. Therefore we conclude that using a single variable x in a theoretical formulation is not sufficient to determine the optical factor correctly.
Actually, to keep x unchanged, the wavelength has to be altered as different particle sizes are used. If the correction of refractive indices with λ is considered, the calculated optical factors may be different for different particle sizes even with a fixed x, as in the results of Fig. 1 . Therefore, correction of refractive indices is essential in determining the optical factor.
The dependence of the refractive indices of water and polystyrene on wavelength has been studied [14] [15] [16] [17] [18] [19] . The refractive index of water is a function of the wavelength λ, salinity S, and temperature T [14] [15] [16] . The empirical formulas of the refractive index of water in relation to wavelength given by the references [14] [15] [16] are different, but the results are quite similar. In this study, we will use the formulas given by where S is the salinity in h, T is the temperature in degrees Celsius, and λ is the wavelength in micrometers. References [17] [18] [19] present an empirical formula for the polystyrene refractive index. However, we have noticed that the results of Ref. [17] are slightly different from the data of Refs. [18, 19] . In this paper, we use the data given by Ref. [19] , and fit the data to the Cauchy dispersion relation as where the unit for wavelength is micrometers. By using Eqs. (21) and (22), we can obtain the corrected values for the refractive indices of water and polystyrene for different wavelengths to get the parameters x and m required in the calculation of optical factors. The plot in Fig. 2 is the wavelength-dependence curve of the corrected relative refractive index m using Eqs. (21) and (22), where T = 25 • C and S = 28. Since the wavelength of the incident light mentioned here is supposed to be measured in air but λ 1 is considered to be the wavelength in water, the size parameter x = 2πa/λ 1 is also related to the refractive index of water. Fig. 3 shows the size parameter x of a particle with radius 500 nm for different wavelengths calculated by using the corrected and constant refractive index of water. The difference between the corrected m and constant m = 1.20 is small (<8%) for the wavelength available from a UV-vis spectrophotometer, and the differences in the size parameter x are even smaller.
However, the differences in optical factors F calculated by the T-matrix method with corrected refractive indices and constant indices are very different, as shown in Fig. 4 for particles 21) with T = 25 • C and S = 28 for different wavelengths available from spectrophotometer. The particle radius is 500 nm. Fig. 4 . The optical factors F calculated by the T-matrix method with constant refractive indices and corrected refractive indices using Eqs. (21) and (22) with T = 25 • C and S = 28. The particle radius is 500 nm.
with radius 500 nm. It can be seen that even the shapes and the changing tendencies of both curves are quite different. Therefore, small corrections to x and m may result in significant differences in the calculated optical factor F . To more clearly show the importance of ensuring the corrected refractive indices used in the calculation of optical factors, Table 1 lists the percentage differences in m, x, and calculated F , respectively, corresponding to the corrected and the constant indices. Again these data provide direct evidence that if the relevant corrections to refractive indices are not made, large errors may appear, even though there is nothing wrong with the T-matrix method itself.
Results and discussion
We use the fact that the optical factor F is proportional to R at different wavelengths to examine the performance of a Table 1 The percentage differences of m, x, and F corresponding to the constant refractive indices and the corrected refractive indices by using Eqs. (21) and (22) Table 2 Optical factors for some typical wavelengths (in air) and particle sizes calculated by the T-matrix method a λ (nm) corresponding to salinity S = 28 (the case in our experiment), while those in Figs. 5 and 6 clearly show that the optical factors calculated by the T-matrix method are consistent with the experimental results of R for different incident wavelengths, while the data calculated by RGD theory and Mie theory are quite divergent from the R curve.
In Fig. 5 , the measured R changes from positive to negative values, while its values are always negative in Fig. 6 . However, the optical factors calculated from the RGD theory (both coalescence and real doublet) are always positive in Figs. 5 and 6, which means that the RGD theory fails completely when the size parameter is large. The failure of RGD theory is foreseeable because the theory itself has been known to be valid only for small particles.
As (2) is almost uniform for large size parameters, the curves for optical factors given by Eq. (2) are similar to Mie (coalescence) in shape. However, the results of optical factors of Mie (coalescence) and RGD (corrected) given by Eq. (2) are not proportional to the results of R. These errors may be caused by the assumption of coalescence, which does not really hold in the aggregate.
As shown by the experiments described above, among all different theories, the T-matrix method performs best in computing optical factors for large particles.
Our experiments also provide a useful clue as to how to improve the accuracy of the turbidity measurement. Since R (the measurable quantity) or F (the calculated quantity) changes with the incident wavelength λ, one should choose an appropriate wavelength to ensure that R or F is large enough; otherwise a tiny uncertainty of parameters in the calculation of F may result in significant error. For example, at λ = 349 nm (in air), the refractive indices of water calculated by Eq. (21) in Figs. 2a and 2b are 1.35357 and 1.34804, respectively. So the difference of the refractive index caused by adding salinity is only 0.00553 or 0.4% of its value. With this tiny difference, the calculated optical factors in Figs. 2a and 2b are −0.04582 and −0.05037, respectively, or as high as 10% for its relative difference, although the absolute difference is only 0.00455. On the other hand, with almost the same difference of the refractive indices of water, at λ = 785 and 250 nm, the relative differences in the calculated optical factors are only 0.5 and 1.3%, respectively. In addition, when R or F is small, the relative measurement error also becomes large. Therefore, selecting the appropriate wavelength in the turbidity measurement to ensure that the change in turbidity is sensitive to the aggregation (having large R) is very crucial.
The optical factors calculated by the T-matrix method for a range of wavelengths and particle sizes are listed in Table 2 . The salinity is S = 28 and the temperature is T = 25 • C in the calculation, and the refractive indices are calculated using Eqs. (21) and (22).
Conclusions
We have provided a detailed description of the calculation of optical factors using the T-matrix method. The necessity of correcting the refractive indices of particles and their surrounding medium for different incident wavelengths is discussed in particular. Apparently, an accurate calculation of the optical factor cannot be achieved without correct values of the refractive indices. Since the optical factor F is proportional to a measurable quantity R, we were able to experimentally test the validity of all theories dealing with the calculation of F . Our experiments confirmed that the T-matrix method has obvious superiority over all other theories in providing a more accurate optical factor for dispersion of large particles. Therefore, our method is effective in extending the applicability range of the turbidity methodology and increasing measurement accuracy, as is concluded in our previous paper [2] . By careful discussion of the possible error in the calculation of optical factors and measurement of R in this paper, we have also shown that the accuracy of turbidity measurement can be improved by choosing the appropriate wavelength to ensure that the turbidity is sensitive to the aggregation (having large R or F ). In addition, the data on the optical factors calculated by the T-matrix method for a range of particle radii and incident light wavelengths are provided.
